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Abstract. Witten’s proof for the positivity of the ADM mass gives a definition
of energy in terms of three-surface spinors. In this paper, we give a generalisation
for the remaining six Poincaré charges at spacelike infinity, which are the
angular momentum and centre of mass. The construction improves on certain
three-surface spinor equations introduced by Shaw. We solve these equations
asymptotically obtaining the ten Poincaré charges as integrals over the Nester –
Witten two-form. We point out that the defining differential equations can be
extended to three-surfaces of arbitrary signature and we study them on the entire
boundary of a compact four-dimensional region of spacetime. The resulting quasi-
local expressions for energy and angular momentum are integrals over a two-
dimensional cross-section of the boundary. For any two consecutive such cross-
sections, conservation laws are derived that determine the influx (outflow) of
matter and gravitational radiation.
PACS numbers: 04.20.Gz, 04.20.Ha
1. Introduction
Observables are defined by measurement protocols, and for local observables this must
include a description for how to measure space, time, distance and duration. In
field theory over Minkowski space, we can easily construct such observables from the
matter fields and their derivatives at a point. What makes this construction physically
meaningful is the presence of an absolute structure (the inertial reference frames) with
respect to which we can localise fields and measure time and distance. No such absolute
structure exists in full general relativity, since the outcomes for measurements of space
and time depend themselves on the strength of the gravitational field, which, in turn,
spoils the construction of local observables.
If spacetime is asymptotically flat, the simplest observables are the total energy,
the linear momentum, the angular momentum and the centre of mass [1–3] due to
Arnowitt, Deser, Misner (ADM) and Beig and ÓMurchadha [3]. The ADM energy is
always positive, as proven by Schoen and Yau [4]. Witten [5] developed a much simpler
argument for the positivity of the ADM energy, which is based on spinors that solve
the three-dimensional Dirac equation /Dψ = 0 on a Cauchy hypersurface Σ , with
/D denoting the three-dimensional Dirac operator with respect to the Ashtekar – Sen
connection [6,7]. Nester [8] found a fully covariant description of Witten’s formalism.
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In Nester’s approach the spatial slice Σ could have arbitrary extrinsic curvature, while
in Witten’s original proof Σ was implicitly assumed to have no extrinsic curvature.
Witten’s approach is manifestly background invariant. The solutions of the three-
dimensional Dirac equation /Dψ = 0 are simply inserted into the asymptotic integral
over the Nester –Witten two-form eα ∧ ψ¯γαDψ, which returns the ADM energy
for an inertial observer at spacelike infinity, whose four-velocity is ψ¯γµψ e aµ (the
integral exists provided certain falloff conditions for the tetrad e aµ and connection
are satisfied). The asymptotic rest frames enter Witten’s construction only through
the perturbative expansion of the integral
∫
∂Σ
eα ∧ p¯iγαDpi at large distance, the
definition itself is completely coordinate invariant.
At finite distance the situation is more complicated. There are various different
approaches. Szabados [9] gives a broad review over all the current quasi-local ideas
and constructions. In Penrose’s approach [10], for example, the gravitational charges
are two-dimensional curvature∗ integrals
∫
S
FABφ
AψB , where the Weyl spinors φA
and ψA are solutions of a certain two-surface twistor equation intrinsically defined on
S, which is a spacelike two-surface. Dougan and Mason [11] gave a similar quasi-
local definition of the gravitational energy (and angular momentum) in terms of
holomorphic spinors (and twistors) on a spacelike two-surface S (generically a two-
sphere). The corresponding quasi-local charges are again two-dimensional surface
integrals. A detailed discussion of the approach by Dougan and Mason for both
energy and angular momentum can be found in a series of articles by Szabados [12,13].
Bramson [14] gave a proposal for the intrinsic gravitational spin in contrast to the
orbital angular momentum. His integral is
∫
S
ΣABλ
AλB , where ΣAB is the selfdual
component of the Plebański two-form Σαβ = eα∧eβ and the spinor λA is a solution of a
certain asymptotic twistor equation [15] around null infinity. This does not seem to be
the only reasonable choice for λA. Ludvigsen and Vickers [16] gave a different proposal,
which is discussed in great detail in [17, 18]. Another possibility is to demand that
λA is holomorphic [17–19] on S, which follows Dougan and Mason’s construction [11].
There are, however, always asymptotically constant spinors λA : σABah
abDbλ
B = 0 for
which Bramson’s quasi-local angular momentum will vanish, (we will see this explicitly
in equation (48) below).
There is good reason to study such quasi-local charges. Spacelike infinity is a
mathematical idealisations, which crucially requires the vanishing of the cosmological
constant [20]. Any realistic measurement is taken at large but finite distance from the
source. How do we then define energy and angular momentum at finite distance? The
key message of this paper is that a suitable generalisation of Witten’s approach offers a
systematic way to construct such quasi-local observables for both energy and angular
momentum. The proposal is defined through certain first-order partial differential
equations for spinors on a three-surface, which may be spacelike, time-like or null.
This three-surface is closed and splits the gravitational degrees of freedom into
an external environment (the observer) and the system observed, which is a four-
dimensional spacetime region B with a three-dimensional boundary (see figure 1 for
an illustration). The quasi-local observables for this choice of observer are then surface
integrals over two-dimensional cross-sections S of the boundary ∂B. At finite distance
from the source, there are infinitely many such obervables, but at spacelike infinity only
∗The curvature two-form FCDab is the selfdual component of the Riemann curvature tensor Rcdab.
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ten of them survive, which are the ADM energy-momentum, the angular momentum,
and the centre of mass (all the other charges either diverge or vanish in the limit of
infinite distance from the source). What makes the construction attractive is that these
infinitely many charges are subject to infinitely many conservation laws that determine
the influx (outflow) of matter and gravitational radiation across the boundary.∗
As a first step in this program, we need to generalise Witten’s original construction.
Witten’s proof was tailored to the ADM linear momentum. For the remaining six
Poincaré charges, which are the angular momentum and the centre of mass, we need
to introduce a suitable generalisation of Witten’s equation. The system of equations
that we will study for this purpose has been introduced before by Shaw [21] in 1985. In
his paper, Shaw was mostly concerned with angular momentum at null infinity, and he
was studying spatial hypersurfaces, which are asymptotically null. He gave a heuristic
discussion of spacelike infinity as well, but a detailed analysis of the asymptotics was
missing. The present paper closes this gap and shows that Shaw’s generalised Witten
equations return all ten Poincaré charges at spacelike infinity, provided the usual parity
and falloff conditions due to Regge and Teitelboim [22] are satisfied. We will then also
point out that Shaw’s generalised Witten equations can be extended to three-surfaces
of arbitrary signature. This is an important observation and it allows us to define
a family of infinitely many quasi-local charges, which satisfy balance laws describing
the influx of matter and radiation. We will consider, in particular, a four-dimensional
region bounded by an expanding null surface. The quasi-local charges will be surface
integrals over two-dimensional cross-sections of the boundary and we will show that
the quasi-local energy can only increase between two consecutive such cross sections.
2. Generalised Witten equation
2.1. Elementary preparations
Witten starts his celebrated proof [5] of the positivity of the ADM mass from the
three-dimensional Dirac equation
σABah
abDbpi
B ≡ DABpiB = 0 (1)
on a Cauchy hypersurface Σ of an asymptotically flat spacetime manifold (M, gab)
admitting a global spin structure: piA is a section of the spinor bundle over the
spatial hypersurface Σ and Da denotes the pullback of the four-dimensional covariant
derivative∗∗ ∇a to Σ . Furthermore, σABa are the Pauli matrices on Σ and hab =
nanb+gab is the spatial three-metric, with na denoting the future oriented hypersurface
normal.
The su(2)n valued one-forms σABa can be constructed explicitly from the four-
dimensional soldering forms σAA
′
a by setting
σABa := h
b
a σ
AC′
bδBC′ = −h ba δAC
′
σ¯C′Bb, (2)
∗We study the evolution of the charges along a foliation of the three-boundary. To speak about
evolution in any sensible way this foliation should define a causal vector-field (i.e. future oriented,
time-like or null) along a region of the three-boundary. In this paper, we will content ourselves with
the most relevant case, which is when this vector field is null.
∗∗The covariant derivative ∇a acts on all indices, it is torsionless and annihilates both the metric gab
as well as AB , ¯A′B′ and the soldering form σAA
′
a .
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where we have introduced the Hermitian metric
δAA′ = σAA′an
a. (3)
As already indicated, the one-forms σABa on Σ are nothing but a covariant version
of Pauli’s spin matrices: They are traceless, they are Hermitian with respect to the
metric δAA′ and they form a basis in the Lie algebra su(2)n of SL(2,C) transformations
preserving δAA′ . They also satisfy the generalised Pauli identity
σACaσ
C
Bb = δ
A
Bhab + iε
c
ab σ
A
Bc , (4)
with εabc = ndεdabc denoting the three-dimensional Levi-Civita tensor on Σ .
The covariant derivativeDa defines the selfdual Ashtekar – Sen [6,7,23] connection
AABa, which is the pull-back of the four-dimensional spin connection to Σ . The
difference between the intrinsic three-dimensional spin connection ΓABa, which is an
su(2)n connection on Σ , and the Ashtekar – Sen connection AABa is measured by the
extrinsic curvature tensor Kab = h ca ∇cnb through
AABa = Γ
A
Ba +
1
2
σABbK
b
a , (5)
hence AABa is an sl(2,C) connection. Its field strength FABab = 2∂[aAABb] +
2AAC[aA
CB
b] is given by the spatial components of the selfdual part of the four-
dimensional Riemann curvature tensor Rabcd. Indeed
FABab =
1
2i
σABc
(
1
2
εcdeR
ed
a′b′ + iR
c
da′b′n
d
)
h a
′
a h
b′
b . (6)
2.2. Witten’s integral
To prove the positive energy theorem, Witten inserts the solutions of the differential
equation (1) into the integral
lim
r→∞
∫
S2r
d2va p¯iA
′
δAA′Dapi
A (7)
over the two-sphere at spacelike infinity∗. He then continues to show that there are
solutions of the defining differential equation (1) that admit the asymptotic expansion
piA(~x) = pi A +O(r−1), (8)
in an asymptotic Cartesian coordinate system {xi}. The zeroth order is asymptotically
constant with respect to the flat spin connection associated to {xi}, that is ∂a pi A = 0,
and the next to leading order vanishes as r−1 in the limit of r =
√
xixj going to infinity.
We will repeat the argument in the next section, because we also need to show that
the next to leading order is of definite parity provided the leading terms of the three-
metric and Ashtekar – Sen connection satisfy certain falloff and parity conditions. The
solutions (8) are then inserted into the integral. The integral converges and returns
the ADM four-momentum at spacelike infinity
lim
r→∞
∫
S2r
d2va p¯iA
′
δAA′Dapi
A = 4piG lim
r→∞
∫
S2r
P˜aσ
a
AA′ pi
 A p¯i A
′
, (9)
∗The surface element is d2va = 1
2
η˜bcε abc with η˜
ab = −η˜ba denoting the canonical Levi-Civita surface
density on the two-sphere S2r at fixed radial coordinate r =
√
δijxixj , with {xi} denoting an
asymptotically Cartesian coordinate system on Σ .
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where P˜a is the corresponding four-momentum density. The right hand side represents,
therefore, the energy for an observer at spacelike infinity, whose four-velocity is
`a = −σ aAA′ piAp¯iA
′
. Gauss’s divergence theorem turns the surface integral (7) into a
volume integral. If one then finally inserts the field equations for a given stress-energy
tensor Tab one arrives at
lim
r→∞
∫
S2r
d2va p¯iA
′
δAA′Dapi
A =
∫
Σ
d3v
[
habδAA′Dapi
ADbp¯i
A′ + 4piGTabn
a`b
]
, (10)
with d3v = 13! η˜
abcεabc denoting the canonical three-volume element on Σ . The first
term is always positive and so is the second term provided the dominant energy
condition is satisfied. Moreover, the whole expression vanishes if and only if gab is the
Minkowski metric, which are the two main results of the celebrated positive energy
theorem—the ADM mass is always positive and vanishes only in Minkowski space.
2.3. Generalised Witten equations
We now wish to generalise the original argument to express the remaining six Poincaré
charges— the angular momentum and centre of mass of a gravitating system— in
terms of Witten spinors. To this end, we will consider the following system of equations
σABah
abDbpi
B = 0, (11a)
σABah
abDbω
B + 3δAA′ p¯i
A′ = 0. (11b)
Compared to Witten’s original construction, the only novelty concerns the second
equation (11b), which is the three-dimensional Dirac equation sourced by the solution
of the first equation. This system of elliptic partial differential equations has been
studied first by Shaw [21], who was mainly interested in a definition of angular
momentum and centre of mass at null infinity. The present paper improves on that
and provides a generalisation. First of all, we will see that the construction extends
to all ten Poincaré charges at spacelike infinity. Shaw gave some heuristic arguments,
why this should be true, but he did not give an explicit asymptotic analysis. We
will provide such an analysis in section 3, and we will then also see that the system
of equations (11a) and (11b) can be naturally extended to three-surfaces of arbitrary
signature. This will allow us to to study balance laws for a family of infinitely many
quasi-local charges.
Given a solution to (11a) and (11b), we will study the integral of the Nester –
Witten two-form over the boundary of Σ , as defined by
Qpi,ω := lim
r→∞
∫
S2r
d2va ω¯A
′
δAA′Dapi
A, (12)
and we will show that it approaches a linear combination of all ten Poincaré charges
at spacelike infinity. To get an intuition for the generalised Witten equations (11a)
and (11b), let us first study them in flat space.
2.4. Flat space solutions
Consider thus Minkwoski space (R4, ηab) with inertial coordinates {xµ} = {x0, xi}
and let Σ be the three-dimensional x0 = 0 hypersurface. Go to momentum space,
and consider the momentum eigenfunctions piA(~x) = pi A ei~k·~x for some fixed constant
spinor pi A ∈ C2. The matrix ~k·~σ has eigenvalues±|~k|, hence the only regular solutions
of the first spinor equation (11a) in flat space are spinors piA(~x) = pi A constant in
Angular momentum and centre of mass from generalised Witten equations 6
space. We insert them into the second equation (11b), integrate them and find the
general solution ωA(~x) = ω A+σAA
′
ix
i p¯i A′ for some integration constant ω
 A ∈ C2.
This is nothing but Penrose’s twistor equation—any regular solution of the generalised
Witten equations (11a, 11b) in flat space defines a twistor Z(~x) = (p¯iA′(~x), ωA(~x)),
which is incident to a point ~x on the x0 = 0 hypersurface Σ .
3. Perturbative expansion for large distance
3.1. Perturbative expansion of the triad and connection
In solving the differential equations (11a) and (11b) to leading order in r, we first need
to specify the falloff conditions of the triad and Ashtekar – Sen connection around
spacelike infinity. We introduce asymptotically Cartesian coordinates {xi} on the
initial hypersurface Σ , and expand the triad eia around the fiducial one-forms dxia.
We thus write
eia = dx
i
a + f
i
a + o(r
−1), (13)
where o(r−n) means limr→∞ rno(r−n) = 0, whereas O(r−n) denotes terms that fall
off like r−n or faster. The next to leading order term f ia is required to be O(r−1)
and parity even with respect to the asymptotic spherical coordinates (x1, x2, x3) =
r(sinϑ cosϕ, . . .), we have
f ia (r, ϑ, ϕ) = f
i
a (r, pi − ϑ, ϕ+ pi). (14)
The parity condition is required to remove divergencies and logarithmic ambiguities
from the definition of the ADM charges [22]. Having defined a background structure,
we can now use the flat Euclidean metric δij and the corresponding fiducial triads dxia
and ∂ai to raise and lower the corresponding indices. We can thus define the tensor
fij = δimf
m
b∂
b
j , which we can always assume to be symmetric, hence
fij = fji = O(r
−1). (15)
We split off the leading r dependence, and write
fij(~x) =
f ij (ϑ, ϕ)
r
+ o(r−1). (16)
We then also need the expansion of the three-dimensional spin connection Γia.
We find it from the the torsionless condition T iab = 2∂[aeib] + 2ilmΓ
l
[ae
i
b], where
the difference tensor Γia measures the deviation of the intrinsic three-dimensional
covariant derivative from ∂a, which is the metric compatible torsionless derivative
with respect to the flat background metric δab = δijdxiadx
j
b. The expansion of the
difference tensor Γij = Γia∂aj gives
Γij =
Γ ij(ϑ, ϕ)
r2
+ o(r−2), r −→∞, (17a)
Γ ij = lim
r→∞
(
r2imn∂mfjn
)
. (17b)
where the leading term is assumed of order O(r−2) and parity odd, Γ ij(ϑ, ϕ) =
− Γ ij(pi − ϑ, ϕ + pi). Finally, we also need the expansion for the Ashtekar – Sen
connection (5), which is a combination of the intrinsic spin connection Γia and the
extrinsic curvature tensor Kia = eibha
c∇cnb. For the ADM angular momentum to
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be well-defined, and to remove logarithmical divergencies, we have to assume that the
connection admits the asymptotic expansion
AABa =
1
2i
σABi
[
A ij(ϑ, ϕ)
r2
+ o(r−2)
]
︸ ︷︷ ︸
Aij=Γ
i
j+iK
i
j
dxja. (18)
where σABi are the usual Pauli matrices: σiσj = δij1 + i
k
ij σk. The leading O(r−2)
term A ij(ϑ, ϕ) is required to be parity odd. To summarise, the parity conditions are
the following: The leading O(r−1) order of the metric perturbation f ij is even, while
the leading O(r−2) term A ij in the perturbative expansion of the Ashtekar – Sen
connection is odd.
3.2. Perturbative solution of the first spinor equation
At the end of section 2, we found the general solution of the spinor equations (11a,
11b) in flat space. We now want to expand around these flat space solutions and
solve the equations perturbatively in r−1. Let us start with the first equation (11a).
Consider the ansatz
piA(~x) = pi A +
pi A(ϑ, ϕ)
r
+ o(r−1), r −→∞, (19)
where the leading order pi A is a spinor, which is constant with respect to the fiducial
flat covariant derivative ∂a at spacelike infinity and the next to leading term is of order
r−1. We also require that the first two terms solve the differential equation to leading
order, hence we want to find a spinor pi A(ϑ, ϕ) on the sphere such that
σABah
abDa
[
pi B +
pi B(ϑ, ϕ)
r
]
= o(r−2). (20)
Solving this equation to leading order in r, we drop all terms that vanish faster than
r−2. This brings us to the following differential equation on the sphere,(
−σABi∂ir + ∂ˆAB
)
pi B(ϑ, ϕ) = − 1
2i
[
σiσj
]A
B
A ji(ϑ, ϕ) pi
 B , (21)
where we have defined the transversal components
∂ˆAB := rσ
A
Biq
ij∂j , (22)
of the three-dimensional Dirac operator. Furthermore, qij is the two-dimensional
metric
qij = δij − ∂ir∂jr , (23)
with ∂ir = xi/r denoting the outwardly oriented unit normal (with respect to the
flat fiducial thee-metric). The transversal Dirac operator ∂ˆAB can be immediately
diagonalised in terms of the orbital Li = −i kij xj∂k and spin angular momentum
Si =
1
2σi operators. We multiply ∂ˆ
A
B by σ
A
Bi∂
i
r from the left and use the Pauli
identity σiσj = δij1+ i kij σk to get
∂irσ
A
Ci ∂ˆ
C
B = r∂
i
r
[
σiσj
]A
B
qjk∂k = i
jk
i σ
A
Bkx
i∂j =
= −σABiLi = −2
[
~L·~S]A
B
= −[ ~J 2 − ~L2 − ~S2]A
B
, (24)
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where ~J = ~L+ ~S denotes the total angular momentum operator. We can thus rewrite
the differential equation (21) in the following diagonal form(
1+ ~J 2 − ~L2 − ~S2
)
pi A(ϑ, ϕ) =
1
2i
∂kr
[
σkσ
iσj
]A
B
A ji(ϑ, ϕ) pi
 B . (25)
This equation can be solved immediately, for 1 + ~J 2 − ~L2 − ~S2 has no vanishing
eigenvalues— its complete spectrum is given by all integers except zero, which follows
from the Clebsch –Gordan decomposition 12 ⊗ ` = (` − 12 ) ⊕ (` + 12 ) for ` > 0 and
1
2 ⊗ 0 = 12 for ` = 0.
We then also know that pi A(ϑ, ϕ) must be of definite parity: The leading order
A ij(ϑ, ϕ) of the Ashtekar – Sen connection is required to be parity odd, yet ∂ir = xi/r
is odd as well, hence the entire right hand side of equation (25) is even. The angular
momentum operators ~L and ~S commute with spatial reflections P : ~x 7→ −~x, hence
they cannot change the parity. The next to leading order pi A(ϑ, ϕ) is therefore an
even function on the sphere,
pi A(ϑ, ϕ) = pi A(pi − ϑ, ϕ+ pi). (26)
Having shown that pi A(ϑ, ϕ) exists, we are left to show that the reminder εA(~x) :=
piA(~x)− pi A− pi A(ϑ, ϕ)/r in the asymptotic expansion of equation (19) vanishes faster
than r−1. This is true [24], and Witten’s argument [5] goes as follows: By assumption,
piA(~x) solves the differential equation DABpi
B = 0, hence εA is sourced by the spinor
jA := −DAB( pi B + pi B/r). But we also know that pi A + pi B/r was constructed
so as to solve the differential equation to leading order o(r−2). Therefore, jA must
vanish as o(r−2) for r →∞. Next, we use the Green’s function of the Dirac operator
to solve for εA in terms of jA. The Dirac operator DAB has the asymptotic expansion
DAB = σ
A
Bi∂
i + o(r−2), hence its inverse SAB goes as
SAB (~x, ~y) =
1
4pi
σABi(x
i − yi)
|~x− ~y|3 + o(r
−2), r −→∞. (27)
The first term represents the Green’s function of the flat Dirac operator σABiδ
ij∂/∂xj .
We now use the Green’s function (27) to solve for the reminder εA in terms of its source
jA, thus εA(~x) =
∫
Σ
d3y
√
dethij(~y)S
A
B (~x, ~y)j
B(~y). Since the source jA(~x) vanishes
as o(r−2) for |~x| = r →∞, the integral ∫
Σ
d3y
√
dethij(~y)S
A
B (~x, ~y)j
B(~y) is dominated
by the Green’s function of the flat Dirac operator σABiδ
ij∂/∂xj . For definiteness,
assume jA(~x) = O(r−2−ε), for ε > 0. The leading integral
∫
|~y|>r d
3y ~σ ·(~x − ~y)/|~x −
~y|3j(~y) in the far zone ~y : |~y| > r = ~x, goes as ∫∞
r
dy y−2−ε = r−1−ε/(1 + ε), and the
leading term
∫
`<~y<r
d3y ~σ·(~x− ~y)/|~x− ~y|3j(~y) in the near zone ~y : |~y| < r = ~x falls of
as r−2
∫
dr r−ε = r−1−ε/(1−ε)+C ′/r2 for ε 6= 1 and as r−2 ∫ dr r−ε = ln r/r2 +C/r2
for ε = 1, with some short distance cut-off ` > 0. Thus εA(~x) = o(r−1), which proves
our assumption (19) provided the integral εA(~x) =
∫
Σ
d3y
√
dethij(~y)S
A
B (~x, ~y)j
B(~y)
exists.
3.3. Perturbative solution of the second spinor equation
We can now go to the second equation (11b), and consider the following ansatz for its
perturbative solution
ωA(~x) = ω A + σAA
′
ix
i p¯i A′ + ϕ
A(ϑ, ϕ) + o(r0), r −→∞, (28)
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where the spinor ϕA(ϑ, ϕ) may contain all spherical harmonics Yjm(ϑ, ϕ) except
Y00(ϑ, ϕ), which we absorb into the definition of ω A, that is
ϕA(ϑ, ϕ) =
∞∑
`=1
∑`
m=−`
ϕA(`m)Y`m(ϑ, ϕ). (29)
In the last section, we have studied the r−1 expansion of piA(~x) and have argued that
there are asymptotically constant solutions piA(~x) = pi A + O(r−1), r → ∞, which
solve the first spinor equation (11a) to leading order in r. We now want to show that
these solutions are compatible with both the second spinor equation (11b) and our
ansatz (28) for the r−1 expansion of ωA(~x).
In doing so, we have to first show that the first three terms in (28) together with
the leading terms in the expansion (19) of piA(~x) solve the second spinor equation
(11b) to leading orders in r. We thus have to solve the equation
σABah
abDbω˜B + 3δAA¯ p¯i˜A′ = o(r−1), (30)
for ω˜A, where we have introduced the truncations
ω˜A(~x) = ω A + σAA′ixi p¯i A′ + ϕA(ϑ, ϕ), (31a)
pi˜A(~x) = pi B + pi
 B(ϑ, ϕ)
r
. (31b)
Once we have found such an ω˜A, we solve DABωB + 3δAA′ p¯iA′ != 0 for the reminderεA = ωA − ω˜A and show that εA goes as o(r0) for r →∞.In solving (30) to leading order in r, we can then drop all terms that vanish
faster than r−2. Going back to the asymptotic r → ∞ expansions for both triad
eia and connection Aia, i.e. equations (16) and (18), we find that the leading O(r0)
contributions cancel, and we are left with the O(r−1) terms, which vanish provided
∂ˆABϕ
B(ϑ, ϕ) = 2δAA
′
f jj (ϑ, ϕ) p¯i

A′ +
− 1
2i
[
σlσmσn
]A
B
∂nr A
 ml(ϑ, ϕ)δBB
′
p¯i B′ + 3δ
AA′ p¯i A′ (ϑ, ϕ). (32)
where ∂ˆAB denotes again the transversal component (22) of the three-dimensional
Dirac operator (1) on the spatial slice Σ . At this point, the parity conditions crucially
enter the problem: As we will see in a minute, equation (32) can be solved for ϕA(ϑ, ϕ)
in terms of p¯iA′ only if the right hand side does not contain the ` = 0 spherical
harmonic. The parity conditions guarantee this, but they are actually much stronger
than that, for they imply that the entire right hand side of (32) is odd.
This can be seen as follows: We multiply equation (32) from the left by the radial
Pauli matrix ∂irσABi and use equation (24) to write the transversal Dirac operator
∂ˆAB in terms of the spin, angular and total angular momentum operators ~S = ~σ/2,
~L = −i~x× ∂/∂~x and ~J = ~S + ~L. Next, we define the source
JA(ϑ, ϕ) = −2σAA′r f mm (ϑ, ϕ) p¯i A′ +
+
1
2
[
δAA
′
K mm (ϑ, ϕ)− lmn Γ lm(ϑ, ϕ)
[
σrσnσr
]A
B
δBA
′]
p¯i A′ +
− 3σAA′r p¯i A′ (ϑ, ϕ), (33)
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where σAA
′
r = σ
AA′
i∂
i
r and σABr = σ
A
Bi∂
i
r are the Pauli matrices in the radial
direction, and Γ ij and K ij are the leading O(r−2) terms in the asymptotic r → ∞
expansion of the selfdual connection
Aij(r, ϑ, ϕ) =
Γ ij(ϑ, ϕ) + i K
 i
j (ϑ, ϕ)
r2
+ o(r−2). (34)
Having defined the source JA, we can now write the defining differential equation
(32) for ϕA(ϑ, ϕ) in the following diagonal form(
~J 2 − ~L2 − ~S2
)
ϕA(ϑ, ϕ) = JA(ϑ, ϕ). (35)
The operator ( ~J 2 − ~L2 − ~S2) can be immediately diagonalised through the Clebsch –
Gordan decomposition 12 ⊗ ` = (` − 12 ) ⊕ (` + 12 ) for ` > 0 and 12 ⊗ 0 = 12 for ` = 0.
The possible eigenvalues are the numbers Z− {−1}. The single vanishing eigenvalue
comes from ` = 0. We can thus solve equation (35) for ϕA(ϑ, ϕ) in terms of JA(ϑ, ϕ)
only for a source JA(ϑ, ϕ) that does not contain the ` = 0 spherical harmonic— it
must admit the expansion
JA(ϑ, ϕ) =
∞∑
`=1
∑`
m=−`
JA(`m)Y`m(ϑ, ϕ). (36)
This is true thanks to the parity conditions on both the triad and connection: The
leading order of the metric perturbation f ij (ϑ, ϕ) is even, and A ij(ϑ, ϕ) is odd. The
outwardly oriented normal vector ∂ir = xi/r is also odd, hence the radial Pauli matrix
σr = σi∂
i
r is odd as well. Going back to the definition (33) for the source JA(ϑ, ϕ),
we thus see that JA(ϑ, ϕ) is also odd. The spherical harmonics Y`m are of alternating
parity, Y`m(ϑ, ϕ) = (−1)2`Y`m(pi − ϑ, ϕ+ pi), and the source JA(ϑ, ϕ) does, therefore,
not contain the ` = 0 spherical harmonic, which implies in turn that we can solve (35)
for ϕA(ϑ, ϕ) in terms of JA(ϑ, ϕ). The solution is unique, because we have already
absorbed the ` = 0 mode of ϕA(ϑ, ϕ) into the definition of ω A. Furthermore, with
JA(ϑ, ϕ) being odd, ϕA(ϑ, ϕ) is also odd, because P : ~x → −~x commutes with the
operator ~J 2 − ~L2 − ~S2.
In summary, what we have shown so far is this: The leading terms in our ansatz
(28) can be always chosen so as to solve the differential equation (11b) to order
o(r−2). The solution for ϕA(ϑ, ϕ) is unique, and parity odd provided the parity
conditions on triad and connection are satisfied. The only ambiguity is in ω A, which
is a free integration constant. What we have to show now is that the remainder
εA(~x) := ωA(~x) − ω˜A(~x), with ω˜A(~x) defined as in (31a), exists and vanishes fasterthan r0. We follow the strategy [5] of Witten, as discussed in the last section. We
insert εA(~x) into the three-dimensional Dirac equation and require ω˜A(~x) + εA(~x) bea solution of the second spinor equation (11b). Now, ω˜A solves the truncation (30) toorder o(r−1), but ωA is assumed to be an exact solution, hence the remainder εA is
subject to the equation
σABah
abDbε
B = 3δAA
′(
p¯iA′ − p¯i˜A′)+ o(r−1) = o(r−1), r →∞, (37)
where we used the asymptotic r →∞ expansion of both piA(~x) and ω˜A(~x) as in (19),(30) and (31b).
We thus see thatDABε
B is sourced by a spinor jA(~x), which falls of as o(r−1). For
simplicity let us assume∗ that jA(~x) is of order O(r−1−ε), for some ε > 0. Going back
∗The argument also works for jA(~x) = O(ln r/rε) and any ε > 0.
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to the Green’s function (27), we can thus solve for εA(~x) in terms of the source jA(~x).
We then have εA(~x) =
∫
Σ
d3y
√
dethij(~y)S
A
B (~x, ~y)j
B(~y), which vanishes as O(r−ε).
This can be seen as follows: Going back to the r−1 expansion of the Green’s function,
we see that the asymptotic r = |~x| → ∞ behaviour of the integral is dominated
by S AB (~x, ~y) = 1/(4pi)σ
A
Bi(x
i − yi)/|~x − ~y|3, which is the Green’s function of the
free Dirac operator σABi∂/∂x
i. In the near zone ` < |~y| < |~x| = r, the dominant
contribution is given by the integral 1r2
∫ r
`
dy y1−ε = r−ε/(2− ε) + C/r2 for ε 6= 2
and 1r2
∫ r
`
dy y−1 = ln r/r2 + C/r2 for ε = 2, with some short distance cut-off ` > 0.
In the far zone ~y > |~x| = r, on the other hand, the dominant contribution comes
from the integral
∫∞
r
dy y−1−ε = ε−1r−ε. Hence εA(~x) = o(r0), provided the integral
converges, in which case the asymptotic expansion (28) exists and provides a solution
of the second spinor equation (11b).
4. ADM charges and the evaluation of the boundary integral
We are now ready to evaluate the charge Qpi,ω at spacelike infinity. The perturbative
evaluation of the boundary integral Qpi,ω greatly simplifies in the language of
differential forms. We go back to the definition (12) of Qpi,ω in terms of piA and ωA
and insert the first spinor equation (11a) in the form of rˆaDapiA = irˆbε acb σ
A
BaDcpi
B ,
with rˆa denoting the outwardly oriented unit normal of S2r with respect to the physical
three-metric hab = gab + nanb. We can then write Qpi,ω as the integral
Qpi,ω = −i lim
r→∞
∫
S2r
ω¯A¯σAA′ ∧DpiA, (38)
where σAA′ are the soldering forms σAA′ = σAA′αeα for the tetrad eα. To use tetrads,
rather than triads (as we did in the last section), may seem a little odd, since we are
always staying on a given three-dimensional initial hypersurface Σ , but this trick is
useful for us, because it keeps the formalism manifestly covariant. We should then
also extend our asymptotic Cartesian coordinates {xi} into an asymptotic rest frame
{x0, xi} near spacelike infinity, such that Σ turns (for large distance) into the x0 = 0
hypersurface. We then also assume that the tetrad eα admits the asymptotic r−1
expansion around Σ
eα = dxα + fα = D(r∂αr ) + f˜
α, (39)
where the vector valued one-forms fα and f˜α are of order O(r0), hence their
component functions fαµ := fαa∂aµ with respect to the asymptotic rest frame {xµ} are
of order O(r−1). This agrees with the asymptotic expansion of the triad (13), which
is the pull-back of eα to Σ (we can always choose an internal Lorentz gauge for which
nα = eαan
a = δα0 , in which case the pull-back of δiµeµ to the spatial hypersurface Σ
returns the triad ei).
In defining (39), we have extended the radial coordinate r =
√
δijxixj on
Σ : x0 = 0 into the hyperbolic coordinate r =
√
ηµνxµxν around a four-dimensional
neighbourhood of spacelike infinity. The corresponding radial vector field is ∂ar ∈ TM ,
which becomes ∂αr := eαa∂ar in internal space. The difference between fα and f˜α is
measured by the spin rotation coefficients through fα − f˜α = rAαβ∂βr + D(rfαa∂ar ),
where Aαβ denotes the torsionless spin connection in a neighbourhood of Σ . Its
pullback to Σ admits the asymptotic expansion (18). The leading orders f˜ µν and
A αβµ of the component functions of tetrad and connection are assumed to have
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definite parity: f˜ µν is even and A αβµ is odd, in accordance with the parity conditions
in the rest of this paper.
We then also know from (19) and (28) that the spinors piA and ωA admit the
asymptotic expansions piA = pi A + pi A/r + o(r−1) respectively ωA = ω A + φA +
rσAA
′
α∂
α
r p¯iA′ + o(r
0) on Σ , where φA differs from ϕA (as in equation (28)) by the
term σAA
′
µ p¯i

A′ f
 µ
a∂
a
r +σ
AA′
α∂
α
r p¯i

A′ = ϕ
A−φA, which is odd, because pi A is even
whereas ϕA is odd. The spinor φA(ϑ, ϕ) is therefore an odd function on the sphere,
and we will crucially need this in the following.
With these preparations in mind, we can now insert the asymptotic r → ∞
expansion of the spinors (19) and (28) into the expression for the asymptotic charge
(38). In evaluating this integral for r → ∞, we drop all terms that fall of as r−1 or
faster and find
Qpi,ω = −i lim
r→∞
∫
S2r
[(
ω¯ A
′
+ φ¯A
′)
σAA′aD(r∂
a
r ) ∧DpiA+
+rσBA
′
βσAA′α∂
β
r
(
D(r∂αr ) + f˜
α
)
∧DpiA piB
]
. (40)
We study both terms separately: In the first line of equation (40), we use Stokes’s
theorem on S2r , which is closed, and perform a partial integration. The soldering forms
are covariantly constant∗, i.e. DaσAA
′
b = 0, hence
eq. (40), 1st line = −i lim
r→∞
∫
S2r
[
−rσAA′a∂ar Dφ¯A
′ ∧DpiA+
+r (¯A′B′FAB)σ
AA′
a∂
a
r pi
 B
(
ω¯ B
′
+ φ¯B
′)]
, (41)
where we dropped already all terms in the integral that fall of as r−1 or faster, and used
the definition of the field strength as the square of the exterior covariant derivative,
i.e. D2piA = FAB pi
B . No terms containing the differential dr appear, because the two-
sphere S2r is meant to be a level surface of constant r. The first line of (41) vanishes
due to parity: ∂aµDaφA is O(r−1) even and ∂aµDapiA is O(r−2) odd. Only the second
line of (41) can contribute to the integral. It contains −A′B′FAB , which is the selfdual
component (∗+i)Fαβ of the SO(1, 3) curvature two-form Fαβ = dAαβ +Aαµ∧Aµβ in
spinor notation. The connection is torsionless Deα = deα + Aαβ ∧ eβ , which implies
that Fαβab = e cα e dβ Rcdab, with Rabcd denoting the Riemann curvature tensor. At
spacelike infinity there should be no matter, hence Rabcd = Cabcd, with Cabcd denoting
the Weyl tensor, which can be split into its electric and magnetic components
Eab = Cacbd∂
c
r∂
d
r , (42a)
Bab =
∗Cacbd∂cr∂
d
r =
1
2
εefacCefbd∂
c
r∂
d
r . (42b)
We insert this decomposition into (41). After some straight-forward algebraic
manipulations we are left with
eq. (40), 1st line =
1
2
lim
r→∞
∫
S2r
d2v r (Eab − iBab)naσ bBB′ pi B
(
ω¯ B
′
+ φ¯B
′)
, (43)
where d2v = 12 η˜
bcrˆaεabc is the canonical volume element on the sphere (rˆa is the
outwardly oriented unit normal of S2r in Σ ).
∗Da acts on all indices: on spinor indices A,B, . . . and A′, B′, . . . through the torsionless spin
connection, on tangent indices a, b, c, . . . through the Christoffel symbols for the spatial metric.
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Let us now turn to the second line of equation (40). The first simplification is
found by decomposing DpiApiB into its SL(2,C) irreducible components piADpiA and
pi(ADpiB) corresponding to spin 0 and spin 1. This is achieved through the generalised
Pauli identity for the soldering forms σAA
′
α . We have
σAC
′
ασBC′β = −δABηαβ − 2ΣABαβ , ΣABαβ :=
1
2
σAC′[α σ¯
C′B
β] , (44)
with ΣABαβ forming the selfdual basis
∗ in the Lie algebra sl(2,C). Splitting DpiApiB
into its irreducible components, we can thus bring the second line of equation (40)
into the form
eq. (40), 2nd line = −i lim
r→∞
∫
S2r
[
rΣABαβ∂
α
r e
β ∧D(piApiB)− r∂αr eα ∧DpiApiA
]
. (45)
The second term of (45) vanishes again due to parity: The components of the one-form
∂αr eα in the asymptotic frame {xµ} are O(r−1) and odd, and the components of DpiA
are of order O(r−2) but also odd. The coordinate volume dϑ ∧ dϕ is odd as well,
hence the second term vanishes as r → ∞. We are thus left with just the first term.
Performing a partial integration in S2r yields
eq. (40), 2nd line = −i lim
r→∞
∫
S2r
rΣABαβD∂
α
r ∧ eβ piApiB , (46)
where we used the vanishing of torsionDeα = 0 and the covariant constancy of ΣABαβ .
To simplify this term, we go back to (39) and write D(r∂αr ) as the difference between
the tetrad eα and f˜α. Thus∫
S2r
rΣABαβD∂
α
r ∧ eβ piApiB =
∫
S2r
ΣABαβ(e
α − f˜α) ∧ eβ piApiB =
=
∫
S2r
ΣABαβe
α ∧ eβ piApiB −
∫
S2r
[
ΣABαβ f˜
α ∧
(
rD∂βr + f˜
β
)
piApiB
]
. (47)
The first term in the second line of (47) (this is Bramson’s integrand [14] for the
intrinsic spin of a gravitational system) vanishes thanks to the defining differential
equation (11a). This can be seen by applying Stokes’s theorem to write the surface
integral over S2r as a vanishing volume integral over the bulk. If Br ⊂ Σ denotes the
three-ball bounded by S2r = ∂Br, we have∫
∂Br
ΣABαβe
α ∧ eβ piApiB = 2
∫
Br
ΣABαβe
α ∧ eβ ∧DpiApiB =
= i
∫
Br
d3vσABah
abDbpi
ApiB = 0. (48)
In going from the first line to the second line of (48), we used the identity
εabcΣABβγe
β
be
γ
c = iσ
a
AB , which follows from the definition (2) of the Pauli matrices
σABa on Σ . The second line vanishes identically, because pi
A is a solution of its
defining differential equation (11a). Since
∫
S2r
ΣABpi
ApiB thus vanishes, we are left
with the last term in equation (47). We perform a partial integration in S2r , and move
the exterior covariant derivative D away from ∂αr . In the limit of r → ∞ all but one
∗The electric component of ΣABab is Σ
A
Bban
b = 1
2
σABa , its magnetic component is
1
2
ε cba Σ
A
Bbc =
1
2i
σABa , with σ
A
Ba denoting the Pauli matrices (2) on the spatial slice Σ .
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term vanish∗∗ due to parity, and we are arrive at
lim
r→∞
∫
S2r
[
ΣABαβ f˜
α ∧
(
rD∂βr + f˜
β
)
piApiB
]
= lim
r→∞
∫
S2r
[
rΣABαβDf˜
α∂βr pi
ApiB
]
.(49)
The right hand side crucially contains the two-form Df˜α, which is proportional to the
magnetic part of the Weyl tensor. Indeed, we have
η˜abDaf˜
α
b = η˜
abDa (e
α
b −Db(r∂αr )) = −
r
2
η˜abFαβab ∂
β
r = −r d2v eαaBab∂br , (50)
with η˜ab denoting the metric independent Levi-Civita volume-density on S2r . Going
back over equations (48) and (47) to equation (46), we have thus shown that
eq. (40), 2nd line = −i lim
r→∞
∫
S2r
d2v r2Bab n
a ΣABbc ∂
c
r piApiB , (51)
provided the parity conditions are satisfied. We combine this result with equation (43)
for the first line of (40). This leaves us with an integral over the electric and magnetic
components (42a, 42b) of the Weyl tensor at spacelike infinity, in fact
Qpi,ω = +
1
2
lim
r→∞
∫
S2r
d2v r (Eab − iBab)naσ bBB′ pi B
(
ω¯ B
′
+ φ¯B
′)
+
−i lim
r→∞
∫
S2r
d2v r2Bab n
a ΣABbc ∂
c
r piApiB . (52)
The parity conditions further simplify this integral: The leading oder of the metric
perturbation is O(r−1) even, and the connection coefficients are O(r−2) odd. This is
essentially the same as to say that the leading r−3 order of the Weyl tensor contains
only electric components and is parity even. This in turn implies that the the spinor
φA(ϑ, ϕ), which we have shown to be odd∗, drops out of the final expression
Qpi,ω =
1
2
lim
r→∞
∫
S2r
d2Ω r3 naE ba σ
BB′
b pi

B ω¯

B′ +
−i lim
r→∞
∫
S2r
d2Ω r4 naB ba Σ
AB
bc ∂
c
r pi

A pi

B , (53)
where we replaced the O(r2) metrical volume element d2v = 12 η˜
bcrˆaεabc in the limit
of r →∞ by the fiducial volume element d2Ω = dcosϑ∧ dϕ = limr→∞ r−2d2v on the
two-sphere at spacelike infinity.
That φA(ϑ, ϕ) falls out of the asymptotic charge (53) through the parity
conditions represents the removal of the super-translation ambiguity from the
definition of the angular momentum at spacelike infinity. Indeed φA(ϑ, ϕ) transforms
non-trivially under super-translations. We will come back to this point below.
Equation (53) can be written as a linear combination of all ten Poincaré charges at
spacelike infinity—of both the ADM four-momentum Pα and the relativistic angular
momentum Mαβ . Indeed
Qpi,ω = 4piG
(
PασAA
′
α pi

A ω¯

A′ −MαβΣABαβ pi A pi B
)
, (54)
∗∗The O(r0) vanishing terms are ΣABαβ f˜α∧ f˜β pi A pi B and 2ΣABαβ∂αr f˜β ∧ (d pi A+ A AC pi C) pi B ,
which are odd, since both pi A(ϑ, ϕ) and f αµ (ϑ, ϕ) are even, but the integration measure dϑ ∧ dϕ
and the leading O(r−2) connection coefficient A AB(ϑ, ϕ) are parity odd.∗Which followed from (35) and the parity conditions on metric and connection.
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where we have used the definition of the ADM charges Pα and Mαβ as the surface
integrals
Pα =
1
8piG
lim
r→∞
∫
S2r
d2Ω r3 naE ba dx
α
b , (55a)
Mαβ =
1
8piG
lim
r→∞
∫
S2r
d2Ω r4 naB ba ∂
c
r ε
de
bc dx
α
d dx
β
e , (55b)
over the electric and magnetic components of the Weyl tensor as introduced by
Ashtekar and Hansen [25]. The notation may need to be clarified again: The fiducial
tetrad dxαa refers to the asymptotic inertial coordinate system and ΣABαβ are the
selfdual generators (A.2) of sl(2,C).
Finally, we can write the charge (54) as a three-dimensional volume integral over Σ ,
thus providing a quasi-local three-density for the ADM angular momentum and centre
of mass. We take Qpi,ω in the form of (12), and apply Gauss’s divergence theorem.
This turns the surface integral over S2r for r →∞ into the volume integral
Qpi,ω =
∫
Σ
d3v
[
habδBB′Daω¯
B′Dbpi
B + ω¯A′h
abDa
(
h cb δAA′Dcpi
A
)]
, (56)
over the spatial slice Σ , with d3v = 13! η˜
abcεabc denoting the canonical volume element.
From (11a), we also know that σABaD
a(σBCbD
bpiC) = 0. Employing the Pauli
identity (4) and the definition of the curvature tensor, we can then show that the
second term in (56) depends only on the Ricci tensor Rab, but not on the derivatives
of piA. In fact
habDa
(
h cb δAA′Dcpi
A
)
= −1
2
(
Rab − 1
2
gabR
)
naσ bAA′ pi
A. (57)
We can then finally insert the Einstein equations for a given stress-energy tensor Tab,
and arrive at the following quasi-local expression for the ADM charge (54)
Qpi,ω =
∫
Σ
d3v
[
habδAA′Daω¯
A′Dbpi
A − 4piGTabnaσ bBB′ piBω¯B
′]
. (58)
This expression, which is a version of Sparling’s equation [10], should be compared
with the quasi-local expression of the ADM linear momentum due to Witten [5].
Indeed Qpi,ω, has the very same structure. The first term of (58) defines a quasi-local
density for the selfdual component of the gravitational angular momentum and centre
of mass shifted by the linear momentum, the second term represents the contribution
from the matter fields.
How does Qpi,ω transform under asymptotic isometries? First of all, Qpi,ω is clearly
invariant under proper orthochronous Lorentz transformations xµ−→Λµνxν , Λ ∈ L↑+
provided the spinors transform under the corresponding SL(2,C) transformation
as well, i.e. pi A −→ gAB pi B and ω A −→ gAB ω B , with g : Λαβ = gAB g¯A
′
B′ .
What about translations? In Minkowski space, the relativistic angular momentum
of a particle with four-momentum Pα and position Xα is given by the tensor
Mαβ = −2X [αP β], which transforms under linear translations Xµ −→Xµ + Tµ as
Mαβ −→ Mαβ − 2T [αP β]. The ADM linear momentum and angular momentum
transform in exactly the same way [26]. On the other hand, pi A is translational
invariant, which follows directly from the asymptotic r → ∞ expansion (19) of piA,
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but ω A is not. Going back to the asymptotic expansion (28) for ωA, we find, in
fact ω A −→ ω A − σAA′µTµ p¯i A′ , which cancels the term T [αP β] coming from the
transformation Mαβ −→ Mαβ − 2T [αP β] of the ADM angular momentum. The
definition of Qpi,ω is therefore invariant under all asymptotic Poincaré transformations.
This is all not very surprising, in fact it should have been expected: We have defined
Qpi,ω as a two-dimensional surface integral (12) over the spinors (p¯iA′ , ωA) that are
solutions of a particular system of linear differential equations (11a, 11b) on Σ .
The entire construction of Qpi,ω is coordinate invariant, and it is only through the
asymptotic r →∞ expansion (19, 28) and the subsequent perturbative evaluation of
the boundary integral from (40) to (54) that an explicit choice of coordinates ever
enters the problem. The very value of Qpi,ω for a given solution (p¯iA′ , ωA) of the
defining differential equations (11a) and (11b) cannot depend on the asymptotic rest
frame around spacelike infinity.
By the same argument, we infer how the leading O(r0) terms pi A, ω A and
ϕA(ϑ, ϕ) in (19, 28) transform under the remaining asymptotic isometries∗, which
are [25, 27] even and odd super-translations xµ −→ xµ + Sµ(ϑ, ϕ) and logarithmic
translations. The charge Qpi,ω is invariant under all these isometries, but the leading
order coefficients pi A, ω A and ϕA(ϑ, ϕ) in the r → ∞ expansion of the spinors are
not. For logarithmic translations xµ −→ xµ+Cµ ln r (Cµ is a constant function on the
sphere) the argument is more subtle, because these transformations actually change
the asymptotic expansion (28) of ωA, and generate a term that grows as O(ln r) with
r →∞.
5. Quasi-local charges and conservation laws
So far, we have only considered gravitational charges, which are defined at spacelike
infinity. This is a mathematical idealisation, any actual measurement is taken at
large but finite distance from the source. We should therefore rather study quasi-
local charges, and we thus close this paper with an outlook and discussion for how to
compute and derive conservation laws for the quasi-local quantities
Qpi,ω[S] = −i
∫
S
ω¯A
′
σAA′ ∧DpiA, (59a)
Epi[S] = −i
∫
S
p¯iA
′
σAA′ ∧DpiA, (59b)
which are the integrals of the Nester –Witten two-form over a two-dimensional spatial
surface S at some finite distance from the source. The spinors (p¯iA′ , ωA), are once again
subject to a specific differential equation, which we will introduce in a minute. In the
limit, where the two-surface S reaches spacelike infinity (assuming S have the topology
of a two-sphere), the charge Epi returns the ADM energy (times 4piG), whilst Qpi,ω
represents the selfdual part of the relativistic angular momentum plus an additional
contribution from the ADM linear momentum, as shown in (54)—provided, though,
that the falloff and parity conditions of section 3 are satisfied and the asymptotic
r →∞ expansion of the spinors is given by (28) and (19).
To derive balance laws for Epi and Qpi,ω, we employ Stokes’s theorem and relate
the integrals on different two-surfaces S0 and S1. It is then useful to rewrite the system
∗Working on a fixed initial hypersurface Σ , we should think of these isometries as passive coordinate
transformations xµ −→ x˜µ = x˜µ(x) that do not deform the initial hypersurface Σ , but only change
the asymptotic coordinate representation of Σ in R4
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of equations (11a) and (11b) in a more covariant form. Indeed, they are completely
equivalent to the following set of equations
1
2
η˜abcΣABabDcpi
B = 0, (60a)
1
2
η˜abcΣABab
(
Dcω
B + σBB′c p¯i
B′
)
= 0, (60b)
where σAA
′
a are the four-dimensional soldering forms, ΣABab is the selfdual part (A.2)
of the Plebański two-form Σαβ = eα∧eβ and η˜abc denotes themetric independent Levi-
Civita density. The point is then that the equations (60a) and (60b) can be studied on
any three-surface, it does not matter whether the three-surface is spacelike, timelike
or null, equations (60a) and (60b) always assume the same form. Suppose then the
hypersurface is null. On a null-hypersurface H with topology H = [0, 1] × S the
equations (60a, 60b) turn into
`aDapi
A = `A`Bm
aDapi
B , (61a)
`aDaω
A = `A`Bm
aDaω
B − 3`A ¯`A′ p¯iA′ = 0, (61b)
where `a = i/2σ aAA′ `
A ¯`A′ is the null normal in H , which is unique up to overall
rescalings, and ma is the complex null vector, which is defined on a spatial u = const.
section Su = {u} × S of H implicitly through: σAA′b`Aqba = ¯`A′m¯b, where qab is the
pullback of the spacetime metric gab to the spatial section. The triple (`a,ma, m¯a) is
a basis in the tangent space TH , and the SL(2,C) gauge covariant derivative Da is
the pullback of the four-dimensional derivative ∇a to the null surface.
Consider now a four-dimensional spacetime region B, whose boundary is ∂B =
H ∪R0 ∪R1, where R0 and R1 are compact spacelike three-surfaces bounded by the
two-dimensional corners S0 = H ∩ R0 and S1 = H ∩ R1. For definiteness, let us
assume that B has the topology of a solid cylinder and that H is an expanding null
surface in the boundary of the causal future of R0 with topology H = [0, 1]×S2. We
can then foliate H into u = const. surfaces Su = {u} × S2, which have the topology
of a two-sphere. The null vector `a is normalised to `a∇au = 1 and future pointing.
The situation is summarised in figure 1 below. If we were in Minkowski space, H
would be an expanding null surface, which shines out of S0 and hits S1 at some later
instance.
A similar setup has been studied recently by Freidel and Donally, where B has
the shape of a lens, bounded by two spatial hypersurfaces that intersect at a two-
dimensional corner [28].
We will also assume that the equations (60a) and (60b) admit a solution along
the entire boundary of B. It goes well beyond this article to study under which
conditions this is possible, but the idea is the following: We can certainly find a
solution (p¯iA′ , ωA)o of (60a, 60b) on the spacelike bottom R0 of ∂B. We then use the
evolution equations (61a, 61b) to propagate this solution along the null generators of
the surface H . We have thus found a solution in R0 ∪H ⊂ ∂B. The question is
then how to extend this solution to the top R1 of our cylinder. This may be achieved
by using the ADM Hamiltonian and propagate the solution from the boundary into
the bulk. We would thus foliate the interior of B by a family of spatial hypersurfaces
Dt that all intersect at the top corner S1 = H ∩R1, such that limt→0Dt = Σ0 ∪H
and limt→1Dt = R1. A given solution of the generalised Witten equations (60a) and
(60b) on some initial hypersurface Dto of B is then determined by two kinds of initial
data: By the initial value ( p¯i A′ , ω
 A) of the spinors at the corner S1, and the value of
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Figure 1. The quasi-local charges Eπ[S] and Qπ,ω [S] are associated to the region
B (the system observed), whose boundary contains the expanding null surfaceH .
The charges Eπ[S] and Qπ,ω[S] are surface integrals over two-dimensional cross-
sections of H . The spinors (π¯A′ ,ωA) are assumed to solve the generalised Witten
equations (60a, 60b) along the entire boundary ∂B. At finite distance, infinitely
many such charges are expected. In the limit where S goes to spacelike infinity
io only ten of them survive: The linear momentum, the angular momentum and
the centre of mass.
the boundary fields∗ AABa and
1
2 η˜
abcΣABbc on Dto . Any such solution of the Witten
equations on Dt0 can be thus written as a functional
πA
[
A,E, π¯0
]
, resp. ωA
[
A,E, π¯0 , ω0
]
(62)
of the boundary data AABa and E
Ba
A on Dt0 and the boundary data ( π¯
0
A′ , ω
0 A) on
S1 = ∂Dto . We can then use the gravitational Hamiltonian (for a given choice of lapse
N and shift Na that vanish at the corner: N = 0 and Na = 0 at S1 = ∂Dt) to evolve
this solution into the bulk, thus obtaining a t-parameter family of spinors (π¯A′ ,ωA)t,
which functionally depend on the initial values of both the spinors ( π¯0 A′ , ω
0 A) at
S1 = ∂Dto and the canonical variables AABa and E
Ba
A on Dto . If (π¯A′ ,ω
A)t is then
a solution of the generalised Witten equations (60a, 60b) on the initial slice Dto , it
will also be a solution on some later slice Dto+ε. Taking the limits t→ 0, 1 we can the
extend the solution from R0 ∪H all around the boundary of B. The only difficulty
arises at the corner S1, where the Hamiltonian vanishes only up to a local SL(2,C)
gauge transformation, which can however always be set to zero. At the moment, this
is only a very formal argument, a more careful Hamiltonian analysis will be presented
in a forthcoming paper.
If we then have such a solution of the evolution equations (60a) and (60b) along
H , we can immediately write the difference between the charges at two consecutive
∗Notice, that the Ashtekar variables AABa and E
AB
a =
1
2
η˜abcΣABbc, which appear in the generalised
Witten equations (60a, 60b) are canonically conjugate variables on the slices of the foliation:
{E aAB (p), ACDb(q)} = −4πiGδab δ
(C
A δ
D)
B δ
(3)(p, q). Using Ashtekar’s Hamiltonian [6,29], we can then
propagate solutions of the generalised Witten equations from the boundary into the bulk B.
Figure 1. The quasi-local charges Epi [S] and Qpi,ω [S] are associated to the region
B (the system observed), whose boundary contains the expanding null surfaceH .
The charges Epi [S] and Qpi,ω [S] are surface integrals over two-dimensional cross-
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the boundary fields∗ AABa and
1
2 η˜
abcΣABbc on Dto . Any such solution of the Witten
equations on Dt0 can be thus written as a functional
piA
[
A,E, p¯i
]
, resp. ωA
[
A,E, p¯i , ω
]
(62)
of the boundary data AABa and E
Ba
A on Dt0 and the boundary data ( p¯i

A′ , ω
 A) on
S1 = ∂Dto . We can then use the gravitational Ha iltonian (for a given choice of lapse
N and s i t Na that vanish at t corner: N = 0 and Na = 0 at S1 = ∂Dt) to evolve
this solution into the bulk, thus obtaining t-parameter family of spinors (p¯iA′ , ωA)t,
which functionally depend on the initial values of both the spinors ( p¯i A′ , ω
 A) at
S1 = ∂Dto and the canonical variables AABa and E
Ba
A on Dto . If (p¯iA′ , ω
A)t is then
a solution of the generalised Witten equations (60a, 60b) on the initial slice Dto , it
will also be a solution on some later slice Dto+ε. Taking the limits t→ 0, 1 we can the
extend the soluti n from R0 ∪H all around the b undary of B. The only difficulty
arises t the cor er S1, where the Hamiltonian vanishes only up to a local SL(2,C)
gauge transformation, which can however always be set to zero. At the moment, this
is only a very formal argument, a more careful Hamiltonian analysis will be presented
in a f rthcoming pape .
If we then have such a solution of the evolution equations (60a) and (60b) along
H , we can immediately write the difference between the charges at two consecutive
moments of u as a volume integral over the null surface H between, indeed
Qpi,ω[S1]−Qpi,ω[S0] = i
∫
H
[
ω¯A
′
σAA′ ∧ FAB piB −Dω¯A
′ ∧ σAA′ ∧DpiA
]
,
∗Notice, that the Ashtekar variables AABa and E
AB
a =
1
2
η˜abcΣABbc, which appear in the generalised
Witten equations (60a, 60b) are canonically conjugate variables on the slices of the foliation:
{E aAB (p), ACDb(q)} = −4piiGδab δ
(C
A δ
D)
B δ
(3)(p, q). Using Ashtekar’s Hamiltonian [6,29], we can then
propagate solutions of the generalised Witten equations from the boundary into the bulk B.
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which is a consequence of Stokes’s theorem and the definition of the curvature two-
form as the square of the exterior covariant derivative. We simplify this equation
and insert the Einstein equations for a given energy-momentum tensor Tab together
with the evolution equations (60a) and (60b) for the spinors (p¯iA′ , ωA) along the null
surface H . After some straight forward manipulations, we then find the following
conservation law for the quasi-local angular momentum
Qpi,ω[S1]−Qpi,ω[S0] = −4piG
∫
H
du ∧ d2v TAA′BB′`A ¯`A′piBω¯B′ +
+
∫
H
du ∧ d2v
[
qabDaω¯
A′Dbpi
A ¯`
A′`A + `
a`bDaω¯
A′Dbpi
Ak¯A′kA
]
. (63)
The derivation follows exactly the same algebraic steps that brought us to (58), the
only difficulty is that the hypersurfcaceH is null rather than spacelike. Equation (63)
has an immediate physical interpretation. The first term represents the contribution
to the asymptotic charge (54) from matter falling into B, the second term represents
the influx of gravitational radiation, but contributions from the purely geometrical
expansion of H in M are also possible— if, for instance, H is an expanding light
cone in Minkowski space, one can always construct solutions of (61a, 61b), for which
Qpi,ω is not constant. The notation should be clear: TAA′BB′ = − 12Tabσ aAA′ σ bBB′ is
the spinorial version of the stress-energy tensor Tab, the dyad (`A, kA) is normalised
to kA`A = 1, qab = m(am¯b) is the two-metric on the u = const. cross-sections Su of
H and d2v = 12i η˜
abmam¯b is the corresponding volume element.
The balance law for the quasi-local energy can be derived in a similar manner,
but let us first note that Epi[S0] is always real, which follows from its definition (59b)
by partial integration. Indeed
E¯pi[S] = i
∫
S
piAσAA′ ∧Dp¯iA′ = +i
∫
S
DpiA ∧ σAA′ p¯iA′
= −i
∫
S
p¯iA
′ ∧ σAA′DpiA = Epi[S]. (64)
To derive a balance law, we then employ Stokes’s theorem and write the difference
Epi[S1] − Epi[S0] as a volume integral over the null surface H . We insert the
Einstein equations together with the generalised Witten equations (61a, 61b) for the
propagation of (p¯iA′ , ωA) along H , which eventually leads us to
Epi[S1]− Epi[S0] = −4piG
∫
H
du ∧ d2v TAA′BB′`A ¯`A′piBp¯iB′ +
+
∫
H
du ∧ d2v
[
qabDap¯i
A′Dbpi
A ¯`
A′`A + `
a`bDap¯i
A′Dbpi
Ak¯A′kA
]
. (65)
The first term represents the influx of matter, the second term describes the
contribution to the ADM energy (55a) from gravitational radiation falling into B,
but contributions from the purely geometrical expansion of H in M are also possible
(we will come back to this point below). The first term is positive provided the four-
vector −T ab `b
∣∣
H
is causal (i.e. future directed, and time-like or null), which we will
always assume in the following, the second term is always positive (or respectively
zero). The quasi-local energy Epi[S] can therefore only increase in time
Epi[S1] ≥ Epi[S0] ≥ 0, (66)
where the second inequality follows from Witten’s original argument [5], see also (10).
Similar equations have been derived by Ludvigsen and Vilckers [16] using, however, a
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propagation law for the spinors, which is different from (61a), but this is unnecessary:
One does not need to specify an additional propagation law for the spinors on top of
the generalised Witten equations (60a) and (60b). The generalised Witten equations
are strong enough to extend the spinors from a given two-dimensional cross-section
Su ⊂ ∂B along the entire three-boundary ∂B ⊃ Su (provided a solution exists).
Whether ∂B is spacelike, timelike or null does not matter for the construction.
Under which conditions are the quasi-local charges conserved? Suppose now that for
a given solution (p¯iA′ , ωA) of (61a, 61b) the quasi-local energy Epi[Su] is constant in u.
Under which conditions is this possible? First of all, we demand that the four-vector
ja = −T ab `b
∣∣
H
, is causal (i.e. future directed, and time-like or null), in which case
all terms on the right hand side of the balance law (65) are greater or equal to zero.
When do they then vanish? For the first term to vanish the energy flux ja = −T ab `b
must be proportional to the null vector σAA′apiAp¯iA
′
itself, hence
∀u : d
du
Epi[Su] = 0⇒ TAA′BB′`B ¯`B′
∣∣
H
∝ piAp¯iA′ . (67)
For the second term to vanish q ba DbpiA must be of the form ωa`A, where ωa is a
complex-valued one-form on H . But we also know that piA must solve the evolution
equations (61a). The condition q ba DbpiA = ωa`A is compatible with the evolution
equations on H only if `aDapiA = 0, in which case the third term in the balance (65)
vanishes as well. We have thus shown that
∀u : d
du
Epi[Su] = 0⇒ ∃ωa ∈ T ∗HC : DapiA = ωa`A, `aωa = 0. (68)
Going back to the equation (63) for the influx of angular momentum into B, we then
see that the equations (67) and (68) also imply that the quasi-local angular momentum
(59a) is preserved as well, hence
∀u : d
du
Epi[Su] = 0⇒ ∀u : d
du
Qpi,ω[Su] = 0. (69)
So far, we have asked under which conditions the quasi-local energy Epi[Su] is
conserved for one particular solution (p¯iA′ , ωA) of the generalised Witten equations
(60a, 60b). Consider now two linearly independent solutions (o¯A′ , ωAo ) and (ι¯A′ , ωAι )
of (61a) such that ιAoA 6= 0 on H . What are then the conditions under which the
quasi-local energy Epi[Su] for both oA and ιA is constant along the null generators of
H ? First of all, we return to the balance law (65) for the quasi-local energy. The
spinors oA and ιA are assumed to be linearly independent, which implies that the first
term in (65) vanishes for both of them only if there is no influx of matter, hence
Tab`
b
∣∣
H
= 0, (70)
which is a consequence of our requirement that the energy flux ja = −T ab `b|H is
causal (i.e. future directed, and time-like or null) on H .
For the second term in (65), we repeat the argument that brought us to (68).
We then see that q ba DbpiA`A can vanish for both piA = ιA and piA = oA only if
q ba Dbo
A ∝ `A and q ba DbιA ∝ `A. This implies that there must exist complex-valued
one-forms ωa[ι] and ωa[o] in T ∗HC such that
Dao
A = ωa[o]`
A, `aωa[o] = 0, and (71a)
Daι
A = ωa[ι]`
A, `aωa[ι] = 0. (71b)
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That `aωa[·] = 0 is a consequence of our initial assumption that oa and ιA are solutions
of the evolution equation (61a) along H . Notice, that these equations immediately
imply that the product ιAoA is preserved along the null generators, which is consistent
with our initial assumption: The spinors (oA, ιA) are a linearly independent dyad all
along the entire null surface H .
Finally, we can use (71a) and (71b) to compute the components of the curvature
tensor with respect to the coordinates (u, z, z¯) onH , which are constructed as follows:
`a = ∂au is the null vector in H and u is an affine parameter along the null rays of
H , hence ∂buDb∂au = 0. The tangent vectors ∂az and ∂az¯ in [TSu]C, on the other hand,
are complex null vectors on the transversal u = const. slices Su of H .
From `bDb`a = 0 and `a ∝ σ aAA′ `A ¯`A
′
we then also know that the spinor `A has
a covariant derivative `aDa`A ∝ `A. Going back to the equations (71a) and (71b) for
the spin-rotation coefficients, we thus get[
D∂u , D∂z
]
oA = `aDa
(
D∂zo
A
)
= `aDa
(
ωb[o]∂
b
z`
A
) ∝ `A, (72a)[
D∂u , D∂z
]
ιA = `aDa
(
D∂z ι
A
)
= `aDa
(
ωb[ι]∂
b
z`
A
) ∝ `A. (72b)
This system of equations constrains the (u, z) and (u, z¯) components of the selfdual
curvature two-form FABab on H . Indeed we get
FABab`
a∂bz ∝ `(A`B), and FABab`a∂bz¯ ∝ `(A`B). (73)
With no matter falling into B, as implied by (70), this implies for the corresponding
components of the Weyl tensor that
Cabcd`
b`c∂cz = 0, Cabcd`
b`c∂cz¯ = 0, (74)
which is the same as to say that an observer that follows the null generators of H
does not experience any tidal forces, and does, therefore, not experience any influx of
gravitational radiation. Going back to the balance law (63) for the inflow of angular
momentum, and employing equations (71a) and (71b) for the covariant derivatives of
oA and ιA, we then see that the quasi-local angular momentum is conserved as well.
We have thus convinced ourselves of the following:
There is no influx of matter or gravitational radiation across the expanding null
surface H , if there exist two linearly independent solutions oA and ιA (i.e. ιAoA 6= 0
onH ) of the first evolution equation (60a), such that the ιA and oA components Eι[Su]
and Eo[Su] of the quasi-local energy Epi[Su] are constant along the null generators of
H . In addition, the quasi-local angular momentum Qpi,ω for corresponding solutions
(o¯A′ , ω
A
o ) and (ι¯A′ , ωAι ) of the second evolution equation (60b) is preserved as well.
The converse is however false, for even in Minkowski space, one can always find
some spinors (p¯iA′ , ωA) that solve both (61a) and (61b) onH whose quasi-local charge
Epi[Su] grows over all limits with u → ∞, which simply reflects the purely geometric
growth in area of the expanding cross-sections Su of H in M .
We have called Epi[S] and Qpi,ω[S] quasi-local charges for energy and angular
momentum. This terminology is clearly borrowed from our intuition at spacelike
infinity, but we have to be careful, there is a crucial difference. At spacelike
infinity, there are only ten conserved charges, corresponding to boosts, rotations
and translations. At a finite distance, the situation is very different. Now, we
have infinitely many quasi-local charges Epi[S] and Qpi,ω[S]. The reason is the
following: The system of first-order partial differential equations (60a) and (60b) on
∂B =H ∪R0∪R1 is characterised by an initial datum on some u = const. section Su
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of H . The state space of all initial data ( p¯i A′ , ω
 A) at Su, which are admissible with
(60a) and (60b) is most likely infinite dimensional, and there would be then infinitely
many corresponding charges Epi[S] and Qpi,ω[S]. Following Dougan an Mason [11] we
could choose to reduce the functional dependence of the spinors by demanding that piA
is e.g. holomorphic, i.e. maDapiA = 0 on the u = 0 initial hypersurface S0 ⊂H . This
would dramatically reduce the functional freedom (depending on the topology of the
cross-sections Su of H ) down to (generically) two linearly independent solutions for
piA. This is however a rather ad hoc restriction, physically unjustified: In general, the
evolution equations (61a) will not preserve the holomorphicity of piA. For if piA were
holomorphic on Su, it would not be holomorphic on Su+ε, unless FABab `
amb = 0,
which is unphysical, because it excludes gravitational radiation falling into B. We
should therefore allow all possible initial data on Su, which are presumably infinitely
many. In fact, it should not come as a surprise. General relativity is background
independent, and the relevant local gauge group is the entire diffeomorphism group
over B. This group is infinite dimensional, hence there should be infinitely many
charges associated to it.
That only a finite number of them survive at spacelike infinity is a consequence of
the falloff and parity conditions. If the parity conditions are satisfied, we can restrict
ourselves to spinors (p¯iA′ , ωA), whose asymptotic r → ∞ expansion is governed by
(19) and (28) (where the leading order terms pi A(ϑ, ϕ) and ϕA(ϑ, ϕ) in the asymptotic
expansion (19) and (28) are respectively even and odd), for all other spinors that solve
the three-surface spinor equations (60a, 60b), but violate the parity conditions and
falloff conditions, the integrals at infinity would either vanish or diverge. The only
charges that remain at spacelike infinity are then the linear momentum, the angular
momentum and the centre of mass.
6. Summary, discussion, outlook
We have shown in this paper that Witten’s construction of the ADM energy can
be generalised to the gravitational angular momentum and centre of mass. This is
achieved by once iterating Witten’s equation, i.e. by solving it for a source that is
itself a solution of the Witten equation. The resulting system (11a, 11b) of elliptic
partial differential equations was studied around spacelike infinity. We imposed parity
conditions∗ on metric and connection (which are needed to remove otherwise divergent
terms from the definition of the angular momentum, see [22, 25, 30] for references)
and solved the system (11a, 11b) of equations with the ansatz (19) and (28) for the
perturbative r → ∞ expansion of the spinors (p¯iA′ , ωA). We showed that solutions
exist for which p¯iA′ is asymptotically constant, while ωA grows linearly with r. Next,
we inserted the solutions into the integral (38) over the Nester –Witten two-form and
evaluated the charge Qpi,ω in the limit of r →∞. Several terms vanish thanks to the
parity conditions and the only terms remaining organise themselves into a complex
linear combination of all ten Poincaré charges (54) at spacelike infinity.
The result improves on a paper by Shaw [21]. Shaw was mainly interested in null
infinity, and gave a heuristic argument (which is confirmed by this paper) why the
solutions to the generalised Witten equations (11a, 11b) should return both angular
momentum and centre of mass at spacelike infinity.
∗The leading O(r−1) term of the metric perturbation is parity even, and the leading O(r−2) order of
the difference tensor between the Ashtekar – Sen connection and the fiducial flat connection at infinity
is parity odd.
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Finally, we saw that the generalised Witten equations (11a, 11b) are equivalent to
the equations (60a, 60b), which require the vanishing of certain spinor-valued three-
forms. These equations can be studied, therefore, on a three-dimensional submanifold
of arbitrary signature. We argued∗∗ that the system of equations (60a, 60b) admits
solutions along the entire three-boundary ∂B of a compact four-dimensional region
B, which has the topology of a cylinder, whose top and bottom parts are spacelike
hypersurfaces, whereas the side is a null surface H = [0, 1]× S2. Next, we proposed
quasi-local charges Qpi,ω[Su] and Epi[Su], which are two-dimensional surface integrals
over an arbitrary cross-section ofH . Using Stokes’s theorem onH we proved balance
laws for Epi[S] andQpi,ω[S]. IfH is an outgoing null surface, the infinitely many quasi-
local charges Epi[Su] can only increase along the null generators `a of H (provided
the energy flux ja = −T ab `b
∣∣
H
is causal). We also saw that the charges capture the
influx of matter and radiation: If there are two linearly independent solutions of the
evolution equation (60a), for each of which the quasi-local energy Epi[Su] is preserved
along the null generators of H , then there will be no influx of matter or gravitational
radiation into the bulk. The corresponding quasi-local angular momentum Qpi,ω[S]
will be conserved as well.
At finite distance, there are infinitely many such charges on a given two-surface S,
because there is no preferred choice of spinors p¯iA′ and ωA along the entire null surface
shining out of S. At spacelike infinity only ten of them survive. All other quasi-local
charges either diverge or vanish in the limit of S reaching spacelike infinity. At null
infinity, the situation is however very different. There is no unambiguous definition of
angular momentum, and we can expect that infinitely many such quasi-local charges
Qpi,ω[Su] and Epi[Su] survive the limit towards null infinity.
This observation and the relevance of super-translations for the appearance of a
parity odd O(r0) term in the asymptotic expansion (28) of the ωA-spinor suggests
a relation between the quasi-local charges defined by the generalised Witten spinors
p¯iA′ and ωA and the canonical charges for the BMS group [31]. At the moment, the
precise connection has not been worked out, but the basic idea that could establish
such a correspondence is the following. In the covariant Hamiltonian formalism, quasi-
conserved quantities [32] are defined by the Noether current three-form, which can be
inferred from the boundary plus bulk action. Suppose then that the boundary has
a component that is null (such as in figure 1 above). On a null surface, working
with self-dual variables [6], one may use a gravitational boundary term with spinors
as the fundamental boundary variables, c.f. [33]. The canonical Noether charge
(as derived from the boundary plus bulk action) would be then a two-dimensional
surface integral over certain boundary spinors and their derivatives. If one would
then consider a sequence of null boundaries approaching null infinity, it seems likely
that the resulting Noether charges for the asymptotic BMS symmetries agree with the
generalised Nester –Witten charges defined in this paper. Clearly, the details must
be worked out more carefully, and we leave a more complete discussion for future
research.
∗∗The argument was the following: We can certainly find a solution at either of the two spacelike
hypersurfaces bounding ∂B (see figure 1 for an illustration). The evolution equations (61a) and
(61b) propagate this solution uniquely along the null generators of H . One should then employ the
Hamiltonian of GR, as written in terms of the selfdual Ashtekar variables [6, 29], and extend the
solution into the interior of B, which will induce a solution along the entire three-boundary of B.
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The paper may be relevant for quantum gravity as well. In quantum gravity,
the quasi-local charges for quasi-local energy and angular momentum will turn
into operators Êpi[S] and Q̂pi,ω[S] on a Hilbert space. For any choice of spinors
(p¯iA′(ϑ, ϕ), ω
A(ϑ, ϕ)) on S, we can then imagine the notion of a (p¯iA′ , ωA)-vacuum
as a coherent state in the kernel of the corresponding quasi-local energy
Êpi[S]
∣∣p¯iA′(ϑ, ϕ), ωA(ϑ, ϕ)〉 = 0. (75)
We expect that there are infinitely many such states, because there are infinitely
many choices for the spinors (p¯iA′(ϑ, ϕ), ωA(ϑ, ϕ)) on S, and this degeneracy resonates
with recent ideas by Hawking, Perry and Strominger [34] in the context of black hole
thermodynamics.
The evolution of such a boundary state (75) along the null surface shining out
of S will be determined by the quantisation of the balance laws (63) and (65) for
both Qpi,ω[S] and Epi[S]. These balance laws are, in fact, nothing but the pull-back
of the Einstein equations integrated over the null surface. The quantisation of this
infinite tower of constraint equations defines, therefore, a version of the Wheeler –
DeWitt equation, but on a null surface H rather than a spacelike hypersurface. The
boundary spinors (p¯iA′ , ωA) that crucially enter the classical balance laws as smearing
functions should be then quantised as well. This idea is supported by a very recent
paper [33], where it is shown that the natural boundary variables for the gravitational
field on a null surface are a spinor and its canonical momentum conjugate, which is, in
four space-time dimensions, a spinor-valued two-form. This idea also resonates with
recent developments in loop quantum gravity. During the last couple of years the
Hilbert space built over the Ashtekar – Lewandowski vacuum [35] was recast in terms
of spinors, which treat both the group-valued holonomies and the Lie algebra-valued
fluxes in a symmetric way [36–41].
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Appendix
A,B,C, . . . are spinor indices, they are raised and lowered by the two-dimensional
epsilon tensors AB and CD according to: piA = piBBA and piA = ABpiB . Each
spinor carries the fundamental spin ( 12 , 0) representation of the universal cover of the
Lorentz group: g . piA = gABpi
B for any g ∈ SL(2,C). Primed indices A′, B′, C ′, . . .
refer to the complex conjugate spin (0, 12 ) representation g.p¯i
A′ = g¯A
′
B′ p¯i
B′ = gABpi
B .
Internal Lorentz indices are denoted with Greek indices α, β, . . . , the signature
of the Minkowski metric ηαβ is (−+++). The Levi-Civita tensor is αβµν
with µναβTµXνY αZβ > 0 for any positively oriented quadruple of four-vectors
(Tα, Xα, Y α, Zα).
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a, b, c, . . . are abstract tensor indices for either all of spacetime M , an initial
surface Σ or spacelike infinity. Conversely, eαa denotes a tetrad, and its pullback to
Σ defines a triad eia, where i, j, k, . . . are internal su(2)n indices with respect to the
surface normal nα = eαana of Σ . The metric-independent Levi-Civita tensor densities
are η˜abcd, η˜abc and η˜ab in four, three and two dimensions respectively.
Finally, we have the soldering forms σAA
′
α . An explicit representation is given
by the quadruple of Hermitian matrices[
σAA
′
0 , σ
AA′
1 , σ
AA′
2 , σ
AA′
3
]
=
[(
1 0
0 1
)
,
(
0 1
1 0
)
,
(
0 −i
i 0
)
,
(
1 0
0 −1
)]
, (A.1)
where A and A′ refer to the row and column indices, which transform under the
spin ( 12 , 0) and (0,
1
2 ) representations of SL(2,C). The soldering forms σ
AA′
α satisfy
the following important identity, which is the generalisation of the Pauli identity
σiσj = δij1+ i
k
ij σk to four dimensions,
σAC
′
α σ¯C′Bβ = −δAB ηαβ − 2ΣABαβ , ΣABαβ :=
1
2
σAC′[α σ¯
C′B
β] , (A.2)
where ΣABαβ are the selfdual generators of sl(2,C). The isomorphism between pairs
of spinor indices (AA′), (BB′), . . . and internal Minkowski indices α, β, . . . is given by
the identification of any four-vector V α with the anti-Hermitian matrix
V AA
′
=
i√
2
σAA
′
αV
α, V α =
i√
2
σ¯ αA′A V
AA′ . (A.3)
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